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1 Introduction 



A hyperplane arrangement A = {Li, L2, . . . , L„} in CP'' is a finite collection 



of hyperplanes. We call M{A) = CP'' \ ( |J L) the complement of A. The 

LeA 

CN set L{A) = {n ^ {152, ...,n}} partially ordered by reverse inclusion 

^ ies 

^ is called the intersection lattice of A. Let ^1 and A2 be two arrangements 

of n hyperplanes. We say that intersection lattices L{Ai) and L{A2) are 

^ isomorphic, denoted by L{Ai) ~ L{A2), if there is a permutation (p of the set 

{1,2, ... ,n} such that 

dim ( Pi Gi) = dim ( fl 

for any nonempty subset S C {1,2, ... ,n}. Two arrangements are lattice 
isomorphic if their lattices are isomorphic. In this paper, we only consider line 
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arrangements in CP^. 

An essential topic in hyperplane arrangements theory is to study the in- 
teraction between topology of complements and combinatorics of intersection 
lattices. Naturally enough, one may ask how close topology and combinatorics 
of a given arrangement are related. Two arrangements and A2 are home- 
omorphic equivalent if there is a homeomorphism between their complements. 
A more concrete question is how close lattice isomorphism and homeomorphic 
equivalence are being a one-to-one correspondence. 

For line arrangements, Jiang and Yau |JY98j show that homeomorphic 
equivalence always implies lattice isomorphism. However, even for line ar- 
rangements, the converse is not true in general. 

A pair of arrangements which are lattice isomorphism but not homeomor- 
phic equivalent is called a Zariski pair. Our definition is stronger than the 
definition introduced by Artal in |AB94j . which we shall call weak Zariski 
pairs (see |ABCT08] for a survey on Zariski pairs). The first Zariski pair 
of arrangements was constructed by Rybnikov |Rybll| . Each arrangement 
in Rybinikov's example consists of 13 lines and 15 triple points. Latter, in 
[ACCMdS] . the authors provide another (weak) Zariski pair of two arrange- 
ments := C+ U {iV+} and Ti' : U{iV"}, where are arrangements (Fig- 
ure [s]) extending Falk-Sturmfels arrangements (Figure [2]), and are lines 
passing through a triple point and a double point of C^. The proof is based 
on the observation that there is no order-preserving homeomorphism between 
(P^jC"*") and (P^,C~). On the contrary direction, Garber, Teicher and Vishne 
|GTV03j proved that there is no Zariski pair of arrangement of upto 8 real 
lines which covered the result of Fan |Fan97j on arrangements of 6 lines. This 
result was recently generalized to arrangements of 8 complex lines by Nazir 
and Yoshinaga |NY10] . 
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A natural question is what is the minimal number of lines of a Zariski pair 
of line arrangements. This is one of our motivations. 

On the other hand, Randell |Ran89] proved that if two arrangements are 
lattice isotopy, i.e. they are connected by a one-parameter family with con- 
stant intersection lattice, then their complements are diffeomorphic. Based 
on Randell's theorem, in |JY94j and |WY05| . the authors found large classes 
of line arrangements, called nice arrangements and simple arrangements re- 
spectively, whose intersection lattices determine topology of the complements. 
Also based on Randell's theorem, Nazir-Yoshinaga |NY10j found new classes 
of line arrangements whose intersection lattices determine the topology of the 
complements. Unlike nice and simple arrangements whose intersection lattices 
have special properties, Nazir and Yashinaga's new classes require that all in- 
tersection points with multiplicity at least 3 are in special positions. It makes 
Nazir and Yashinaga's results more practical to study arrangements of fewer 
lines. Indeed, in |NY10] . Nazir and Yoshinaga classify arrangements of 8 lines 
and present a list of classification of arrangements of 9 lines. 

The main purpose of this paper is to present a proof that Nazir and Yoshi- 
naga's list on the classification of arrangements of 9 lines is complete. As a 
corollary, we conclude that there is no Zariski pair of arrangements of 9 lines. 

The paper is organized as following. In section 1, we recall some results in 
Nazir and Yoshinaga's paper. In section 2, we prove the list of the classification 
of arrangements of 9 lines by Nazir and Yoshinaga is complete. In section 4, 
we consider the example of arrangements of 10 lines and give an explicit 
diffeomorphism between the complements M(C^). 

Acknowledgements: The author is grateful to M. Amram, M. Cohen, M. 
Eliyahu, D. Garber, M. Teicher, E. Artal Bartolo, and J.I. Cogolludo Agustm 
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for helpful conversations and comments, and especially to D. Garber for com- 
ments on a draft of this manuscript. This work was partially supported by the 
Oswald Veblen Fund and by the Minerva Foundation of Germany. 

2 Simple C<3 line arrangements 

Consider the dual space (CP^)* of the projective space CP^. A line arrange- 
ment A = {Li, L2, . . . , Ln} can be viewed as an n-tuple of points (L*, Lg, . . . , L'^) 
in the product of the dual spaces ((CP2)*)". We define the moduh space of 
arrangements with the fixed lattice L{A) as 

Ma = {13£ ((Cp2)*)"|L(i3) ~ L{A)} /PGL3(C) C ((Cp2)*)"y/pGL3(C). 

We say a singular point P of Li U L2 U • • • U is a multiple point of A, if the 
multiplicity of P is at least 3. 

The following definition is a combination of Nazir and Yoshinaga's original 
definitions of Ci, C2 and simple C3 arrangements. 

Definition 2.1. A line arrangement is call Co if all the multiple points are 
on at most three lines, say Li, L2 and L3. A line arrangement is called simple 
C<3 if it is C<3 and one of the following condition holds: 

1. Li n L2 n L3 / or, 

2. one of Li, L2 and L3 contains at most one more multiple point apart of 
the possible multiple points LiD L2, L2 H L3, and Li L3. 

Here are some examples of arrangements which are not simple C<3. 

Example 2.1 (MacLane arrangements). A MacLane arrangement (see Figure 
[7]j consists of eight lines and eight triple points such that each line passes 
through exactly three triple points. It is not hard to check that the moduli space 
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of MacLane arrangements consists of two points. Representatives of the two 
points can be defined by the following equations: 



xy{x-z){y~z){x-y) x 



1 ± 



-1 ± 



-x—y+z I =0, 



2 /V" 2 /V 2 

Since each line passes through three triple points, there are at most seven 
triple points on three lines. Thus MacLane arrangements can not be simple 
C<3. 



La L(\ 




Figure 1: MacLane arrangement 



Example 2.2 (Falk-Sturmfels arrangements (see [NY10| Example 5.2)). De- 
note by 7-1- = — the roots of x"^ — x — 1 = 0. Let 

FS^ = {Lf,Kf,H^,i = 1,2,3,4} 

be arrangements of nine lines in P^, where the lines are defined as follows: 

Lf:x = 0, Lf : X = -f±{y - z), L^ : y = z, Lf:x + y = z, 

Kf ■.x = z, Kf ■.x = -f±y, -.y = 0, Kf:x + y = ('y± + l)z, 

Hf ■.z = Q. 

Arrangements FS^ are caZZed Falk-Sturmfels arrangements (see Figure^. 
It is known (see for instance, Example 5.2 in INYlOj/ ) that the moduli space 
M.L{FS±) consists of 2 points {FS^ ,FS^} . 
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FS+ 



K2 

FS- 



Figure 2: Falk-Sturmfels arrangements 

Falk-Sturmfels arrangements are the arrangements of nine lines with one 
quadruple point, eight triple points, and that one of the lines passes through 
four triple points. 

Example 2.3 (.4^^'^). Arrangements A^^'^ defined by Nazir and Yoshi- 
naga (see jNYlO^ Example 5.3) consists of nine lines and ten triple points 
such that there are three lines which do not intersect at a point and have four 
triple points on each. Moreover, each of the rest six lines contains exactly three 
triple points. Those arrangements (see Figure^ can be defined by following 
equations: 

xy{x-z)(y-z){x:f^^z){yT^/^z){x~y)({±^/^-l)x±^/^y+z){{lT^/^)x+y-z)=0. 

Lemma 2.2 ( |NY10| Lemma 4.4). // a line arrangement is not simple C<3, 
then it has 6 lines, Li, L2, . . ■ , Lq, such that LinL2nL3 7^ 0, L^nL^riLQ 7^ 
and (Ll U L2 U L3) Pi (L4 U L5 U Lg) consists of 9 distinct double points. 

Let As = {Ll, L2, . . . , Lq} be the arrangement which has two triple points 
Ll n L2 n L3 and L4 n -L5 n Lg, and nine double points Qij = Lj n where 
{1,2,3}. 
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Figure 3: A^^^ 
Using Lemma 2.2 one can easily prove that an arrangement of 7 lines is 



simple C<3. It is also not hard to prove the following result. 

Proposition 2.3 ( |NY10| Proposition 4.6 ). An arrangement of eight lines is 
either a simple C<3 line arrangement or a MacLane arrangement. 

More generally, Nazir and Yoshinaga proved the following theorem: 

Theorem 2.4 ( |NY10j Theorem 3.5). The moduli space of simple C<3 
line arrangements with the fixed intersection lattice L(A) is irreducible. 

Let A = {Li, L2, . . . , Ln} be a line arrangement, and A = {Li, L2, . ■ ■ , 
L„_i} be a sub- arrangement. The following lemma shows when the irreducibil- 
ity of the moduli space M_a' will be inherited. 

Lemma 2.5 ( [NYlOj . Lemma 2.4). Assume that the line Ln passes through 
at most two multiple points of the arrangement A. Then the moduli space A4j\, 
is a fiber bundle over the moduli space of M_^'. In particular, the moduli space 
is irreducible if Aij^/ is irreducible. 

Applying the above lemma to arrangements of 9 lines, we have the following 
corollary. 
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Corollary 2.6. Let A be an arrangement of 9 lines. If there is a line in A 
which passes through at most two multiple points of A, then either A contains 
a MacLane arrangement as a sub- arrangement, or the moduli space is 
irreducible. 



Proof. The conclusion follows directly from Proposition 2.3 and Lemma 2.5 

□ 



3 Classification of arrangements of 9 lines 

For a line arrangement A, we denote by the highest multiplicity of a 
multiple point of A. We will divide the classification of arrangements of 9 
lines into three cases according to the value of m_4. 

Let Ur be the number of multiple points of multiplicity r. We first recall 
two well-known results on the number of multiple points. 

Theorem 3.1 ( |Hir86j ). Let A be an arrangement oft lines in CP^. Assume 
that ut = rif-i = nt-2 = 0. Then 

n2 + > t + ^(2r - 9)nr. 

r>5 

Lemma 3.2 (see for instance jHir86j ). Let A be a line arrangement of n lines 
in CP^. We have the following intersection formula: 

r>2 

3.1 m^i > 5 

We first observe the following result. 

Proposition 3.3. Let A be an arrangements of 9 lines. If A has a multiple 
points of multiplicity at least 5, then the moduli space A4_a_ is irreducible. 



Proof. Assume that LinL2n- • -CiL^ ^ 0. There are at most 6 double points in 
Lg U L7 U Lg U Lg . Then there are at most 7 multiple points in Li U L2 U • • • U L5 . 
So at least one of the five lines Li, L2, . . . , L5 contains only two multiple points. 



By Corollary 2.6, the moduli space A4a is irreducible. □ 



3.2 = 4 

Let A be an arrangement of 9 lines. In this subsection, we assume that multiple 
points of A are at most quadruple points. 

Proposition 3.4. Assume that each line of A passes through at least three 
multiple points and 714 > 1. Then, either is irreducible or A is lattice 
isomorphic to a Falk-Sturmfels arrangement. 

Proof. We will first show that 714 = 1. 

Let Li n L2 n L3 n L4 be a quadruple point of A. Since each line passes 
through at least three multiple points. Then each of Li, L2, and L4 should 
passes through two more multiple points besides the quadruple point Li nL2 n 
L^nL^. Then, there will be at least 9 multiple points on those four lines. Since 
multiple points of A are at most quadruple points and there are 714 quadruple 
points. Therefore, there should be at least 9 — 714 triple points on those four 
lines such that each line passes through at least 3 multiple points. By Theorem 



3.1 and Lemma 3.2 we have 



9 9, 
36 = 6n4 + Sus + n2 > 6714 + -ns + 9 > 6714 + ^ (9 ~ ''^4) + 9. 

9 

Solving the inequality, we obtain that 714 < - < 2. Therefore, by the assump- 

5 

tion, we have 714 = 1. 

Now we claim that all triple points should be on the lines passing through 
the quadruple point. 
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Let Li n L2 n L3 n L4 be the quadruple. Suppose, contrary to our claim, 
that L5 n n L7 is a triple point which is not on Li U L2 U L3 U L4. Note 
that there are at most 7 double points on L5 U Lg U L7 U Lg U Lg. Then the 
intersection set (Li U L2 U L3 U L4) n (L5 U Lg U L7 U Lg U Lg) will contain at 
most 7 triple points which are on Li U L2 U L3 U L4. However, there should be 
at least 8 triple points so that each of the four lines Li, L2, and L4 passes 
through at least three multiple points. Therefore, by the assumption, all triple 
points must be on the lines passing through the quadruple point. 

If A is simple C<3, then the moduli space A4j\, is irreducible. We only need 



to consider the case that A is not simple C<3. By Lemma 2.2, we know that 
the arrangement A has a sub-arrangement As- It is not hard to see that the 
quadruple point should be one of Qij, where i,j E {1,2,3}. 

Up to a lattice isomorphism, we may assume that the only quadruple point 

is Li n L4 n L7 n Lg = Qn. 

Since all triple points should be on LiU L4U L^U Lg, then all possible triple 
points on L7 and Lg should be in the following set of points 

{Q22, Q23, Q32, Q33, L7 n Lg, Lg n Lg}. 

The following figure (Figure [4]) is an example but an excluding one, for Lg 
passes through only one triple point. 

Therefore, each of the lines L7 and Lg will have at least one Qij, where 
i,j G {2,3}. 

1. Assume that each of the lines L7 and Lg passes through exactly one of 
the points {Q22, Q23, Q32, Qss}- 

If those two Qij are on same line, then one of the four lines L2, L3, L5 
and Lg will have at most two multiple points. For example, in Figure |4j 
the line Lg passes through only one multiple points, L4 n L5 Pi Lg. 
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L.t; Lp 



Lc 



Figure 4: An excluding arrangement 

Assume that they are not on the same hne. Up to switching labels 
between L2 and L3, correspondingly, L5 and Lg, we may assume that 
(332 G L-j and Q23 G -^^8- Then either {(53i,Qi3} C Lg or {Q2i,Qi2} C 
Lg. Correspondingly, {^20^7, LsPlLg} C Lg or {LaPlLy, LgnLg} C Lg. 
By switching the labels between L2 and L3, L5 and Lg, and L7 and Lg) 
we see that those two arrangements are lattice isomorphic. Moreover, one 
can check that both arrangements (see Figure [sj are lattice isomorphic 
to Falk-Sturmfels arrangements. 




Figure 5: Falk-Sturmfels arrangement 1 
2. Assume that one of the lines L7 and Lg passes through two points out 
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of the four points Q221 Q231 Q32 and Qsa, but the other one passes only 
one point out of the four points Q22-, ^23; Q32 and (533. 
Up to a lattice isomorphism, we may assume that {Qii, (522, <533} C Lj 
and {Qii,Q32} C Lg. Then either L2 n Lg G Lg or Lg n Lg € Lg. 
Otherwise, Lg will have only two multiple points. Correspondingly, 
{Q'ii-,Qiz} C Lg or {Q2i-,Qi2} C Lg. By first switching the labels be- 
tween Li and L4, L2 and L5, and L3 Pi Lg, then switching the labels 
between L2 and L3, and L5 and Lg, we see that those two arrangements 
are lattice isomorphic. Moreover, we check that A (see Figure [6]) is also 
lattice isomorphic to Falk-Sturmfels arrangements. 



3. Assume that each of L7 and Lg contains two of {Q22, Q23, Q32, Q33}, then 

Lg will contain at most two multiple points. 
Therefore, we conclude that either is irreducible or A is lattice iso- 
morphic to a Falk-Sturmfels arrangement. 




Figure 6: Falk-Sturmfels arrangement 2 



□ 
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3.3 mj[ = 3 

Now we consider the last case that all multiple points are triple points. We 
will first investigate possible values of such that each line has at least three 
triple points. Notice that should be no less than 9. On the other hand, we 
observe the following result. 

Lemma 3.5. Let A be an arrangement of 9 lines. Assume that all multiple 
points of A are triple points. If A does not contain a MacLane arrangement 
as a sub- arrangement and is not simple C<3. Then, A has at most 10 triple 
points. 



Proof. By Lemma 3.2 , to show that 713 < 10, it is enough to show that n2 > 4. 

Since A does not contain a MacLane arrangement, at most one of the lines 
L7, Lg and Lg passes through three Qjj, where i,j G {1,2,3}, (defined as 
above). We may assume that each of the lines L7 and Lg passes through at 
most two Qij. By our assumption and Lemma 2.2, the arrangement A has a 



sub- arrangement As- 

Let X be the number of Qij which are not in L7 U Lg U Lg. It is clear 
that X > 2. Let y and z be the number of double points of A which are in 
L7 n (Li U L2 U • • • U Le) and Lg n (Li U L2 U • • • U Lq) respectively. If y + z > 2, 
then we have n2 > x + (y + z) > 4. 

Assume that y + z < 1. Then each of the lines L7 and Lg should passes 
through exactly two Qij. Moreover, L7 n Lg must be a triple point in Li U 
L2 U • • • U Lg. We see now the sub-arrangement A' = {Li, L2, . . . , Lg} have 7 
double points. Without of loss generality, we assume that L7 n Lg is on L2. It 
is not hard to see that the 7 double points of A' are all on L4 U L5 U Lg. The 
line Lg can only pass through at most three double points of A' . Therefore, 
the arrangement A still has at least 4 double points. □ 
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Remark 3.6. It is worth to point out the following fact. By Theorem 2.15 
ICS 9 3^ . if our arrangements is real arrangements, i.e. coefficients of the defin- 
ing equations of the lines are real numbers, then there are at least 60/13 > 4 
double points. Hence there should be at most 10 triple points. However, there 
seems no similar result for complex line arrangements. 

Proposition 3.7. Let A be an arrangement of 9 lines with 9 triple points. 
Assume that all multiple points of A are triple points and each line passes 
through exactly three triple points. Then the moduli space MyX is irreducible. 

Proof. It is known (see Theorem 2.2.1 |Grii09j ) that A is lattice isomorphic to 
one of the three arrangements appearing in Figure [7j One can check that the 
moduli space is irreducible in each case. □ 

Proposition 3.8. Let A be an arrangement of 9 lines with 10 triple points. 
Assume that all multiple points of A are triple points and each line passes 
through at least three triple points. If A is not simple C<3, then it is isomorphic 
to A"^^^ (see Figure\^. 

Proof. Let a be the number of lines that each line passes through 4 triple 
points and b be the number of lines that each line passes through 3 triple 
points. Then a + b = 9 and 4a + 36 = 30. We have that a = 3 and 6 = 6. 

If the three lines with 4 triple points on each of them intersect at a triple 
point, then all the 10 triples should be on them. Consequently, the arrange- 
ment is simple Co. 

Assume that Li, L2 and L4 are the three lines with 4 triple points on each 
of them and Li n L2 n L4 = 0. Then at least two of {Li n L2, Li n L4, L2 n L4} 
are triple points. Otherwise there should be at least 11 triple points so that 
each of lines Li, L2 and L4 will have 4 triple points. So we may assume that 
Li n L2 n L3 and Li n L4 n L7 are triple points. Let L4 n L5 n Lq be a triple 
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(c) 

Figure 7: 93 arrangements 
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point which is not on Li U L2 U L3. Then L7 must pass through L2 H L5 or 
L2 n Lg. Otherwise, L2 will have at most 3 triples. By switching labels of L5 
and Lg, we may assume that L2 H Lg H L7 7^ 0. Then the two points Q21-, Q22 
must be on Lg U Lg so that L2 will passes through 4 triple points. We may 
assume that Q21 G and Q22 G -^9- Since the line L4 also passes through 
4 triple points, then Qsi should be on Lg. Similarly, since the line Li passes 
through 4 triple points, then Q13 should be on Lg and Q12 should be on Lg, 
for that Lg passes through Q31 and Q22- Now we have 9 triple points. The 
last triple point must be L^Ci LjCi Lq so that L7 will passes three triple points. 
The arrangements with such intersection lattices are noting but ^^^'^ (see 
Figure [3|. □ 



3.4 Classification and applications 

Summarize the above subsections, we have 

Theorem 3.9. Let A be an arrangement of nine lines in CP^. Then A is in 
one of the following classes: 
(1) arrangements whose moduli spaces are irreducible; 



(2) arrangements containing MacLane arrangements (see Example 2.1); 



(3) Falk-Sturmfels arrangements (see Example 2.2). 



(4) arrangements A^^ ^ (see Example 2.3). 



Proof. The classification simply follows from Corollary 2.6 and Propositions 
3;3K33[37[ and [3:8 



□ 



As a application, we obtain the following result which generalized a result 
of |(;tTVn3j (Theorem 8.3). 

Theorem 3.10. The fundamental group of the complement of an arrangement 
of 9 lines is determined by the intersection lattice. 
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Proof. If the moduli space is irreducible, then the fundamental group is deter- 
mined by the lattice according to the Lattice- isotopy theorem (see |Ran89] ) 

It follows from Example 5.2 |NY10| (see also section 7.5 |CS97j ) that the 
fundamental groups 'iti{M{FS^)) and tti{M{FS~)) are isomorphic. Let 
and A2 be two arrangements containing Maclane arrangements. Then either 
they are in the same connected component of the moduli spaces, or ^1 and the 
conjugate of A2 are in the same connected component. By Theorem 3.9 |CS97| . 
the fundamental groups of ^1 and A2 are isomorphism. According to the 
same theorem, the fundamental groups of A'^^^^ and A^^^^ are isomorphic 
too. □ 



4 Arrangements of 10 lines: an example 

We have seen that there is no Zariski pair of arrangements of 9 lines. But we 
do not know if there is a Zariski pair of arrangements of 10 lines. To get a 
Zariski pair, a naive idea is to add lines to those arrangements whose moduli 
spaces are disconnected. In general, it is very hard to determine if the resulting 
pair of arrangements is a Zariski pair. The following example is a trial. 

Example 4.1. Starting from the Falk-Sturmfels arrangements (see Example 



2.2), we will construct new arrangements of 10 lines such that the moduli space 
is disconnected. 

We define two line arrangements of 10 lines, called extended Falk-Sturmfels 



arrangement (see Figure^: 



by adding lines : 



FS^ = {Lf,Kf,H^,H^„, i = l,2, 3, 4} 



7± 
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to FS^ respectively. 

Notice that FS are both fiber-type line arrangements according to Theorem 
3.12 UYYOl^ . 




F~S F~S 



Figure 8: Extended Falk-Sturmfels arrangement 



It is not hard to see that Ai^± 



M 



In fact, the line H^q (re- 



spectively, H^q) is always passing through three points of L{FS^): L\ Pi L^, 
n and n (respectively, r\ , r\ and K^nK2). 
This pair of arrangements has been studied by Artal, Carmona, Cogolludo 
and Marco. They show ( \A CCM05f Theorem 4-^9) that there is no order- 
preserving homeomorphism between the pairs {¥'^,FS ) and {F'^,FS ). Here 
we present an explicit diffeomorphism between the complements M (FS ) and 
M[FS ). In fact, by Example 5.2 INYIO^ . we know that there is an automor- 
phism A G PGL{C^) o/CP^ 



A :-- 



V7- 



-1 o\ 



1 V 
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acting on the right to points [x,y,z] in the projective space (as matrices 
product) which sends 

Lf !->■ Lg , L2 !->■ -£'4 , !->■ L2 , L2 !->■ L-^ 

K+^K^, K+^K^, K+^K^, K+^K^. 

To see that A induces a diffeomorphism between M{FS'^) and M{FS ), 

it suffices to show that the automorphism A sends H^q to H^q. 

Recall that j± = One can check that for any point P := [x, ( 

2 7+ 

l)x + z, z] on H^Q, the image P ■ A is a point on H^q- In fact, 



[— -l)x + z z] - A 
7+ 



7- 
-1 

V ' J 



= 0. 



Therefore, the pair {FS , FS ) is not a Zariski pair. 

Prom this example, we see that moduli spaces of fiber-type projective line 
arrangements do not have to be connected. In fact, we can produce infinitely 
many fiber-type projective line arrangements whose moduli spaces are discon- 
nected. On the other hand, we do not know if fundamental groups of comple- 
ments of fiber-type projective line arrangements are determined by intersection 
lattices. 
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